The numbers game, geometric representations of Coxeter groups, 
and Dynkin diagram classification results 

Robert G. Donnelly 

Department of Mathematics and Statistics, Murray State University, Murray, KY 42071 

Abstract 

The numbers game is a one-player game played on a hnite simple graph with certain "am- 
plitudes" assigned to its edges and with an initial assignment of real numbers to its nodes. 
The moves of the game successively transform the numbers at the nodes using the amplitudes 
in a certain way. This game has been studied previously by Proctor, Mozes, Bjorner, Eriks- 
son, and Wildberger. We show that those connected such graphs for which the numbers game 
meets a certain finiteness requirement are precisely the Dynkin diagrams associated with the 
finite-dimensional complex simple Lie algebras. As a consequence of our proof we obtain the 
classifications of the finite-dimensional Kac-Moody algebras and of the finite Weyl groups. We 
use Coxeter group theory to establish a more general result that applies to Eriksson's E-games: 
an E-game meets the finiteness requirement if and only if a naturally associated Coxeter group 
is finite. To prove this and some other finiteness results we further develop Eriksson's theory 
of a geometric representation of Coxeter groups and observe some curious differences of this 
representation from the standard geometric representation. 



Keywords: numbers game, generalized Cartan matrix, Dynkin diagram, Coxeter graph, 
Coxeter/Weyl group, geometric representation, semisimplc Lie algebra, Kac-Moody algebra 



Contents 

1. Introduction and statements of our main results 

2. Proof of our first main result 

3. Classifications of finite-dimensional 

Kac-Moody algebras and finite Weyl groups 

4. Quasi-standard geometric representations of 

Coxeter groups and a generalization to E-games 

5. Some further finiteness aspects of E-game play 

6. Comments 



1. Introduction and main results 



The numbers game is a one-player game played on a finite simple graph with weights (which we 
call "amplitudes" ) on its edges and with an initial assignment of real numbers (which we call initial 
"populations") to its nodes. At the outset, each of the two edge amplitudes (one for each direction) 
will be negative integers; later we will relax this integrality requirement. The move a player can 
make is to "fire" one of the nodes with a positive population. This move transforms the population 
at the fired node by changing its sign, and it also transforms the population at each adjacent 
node in a certain way using an amplitude along the incident edge. The player fires the nodes in 
some sequence of the player's choosing, continuing until no node has a positive population. This 
numbers game formulated by Mozes |Mozj has also been studied by Proctor |Prlj . |Pr2j . Bjorner 
BjotI , [BBj, Eriksson |Erik1j . |Krik2j . |Erik3j . and Wildberger [WrfT] . |WiT2] . [wna] . Wildberger 



studies a dual version which he calls the "mutation game." See Alon et al |AKPj for a brief and 
readable treatment of the numbers game on "unweighted" cyclic graphs. Much of the numbers game 
discussion in Chapter 4 of |BBj can be found in |Erik2j . Proctor developed this process in |Prlj 



to compute Weyl group orbits of weights with respect to the fundamental weight basis. For this 
reason we prefer his perspective of firing nodes with positive, as opposed to negative, populations. 

The motivating question for this paper is: for which such graphs does there exist a nontrivial 
initial assignment of nonnegative populations such that the numbers game terminates in a finite 
number of steps? For graphs with integer amplitudes, our answer to this question (Theorem 1.1) 
is that the only such connected graphs are the Dynkin diagrams of Figure 1.1. Moreover, from 
Eriksson's Strong Convergence Theorem (Theorem 3.1 of |Erik3j ) we are able to conclude that 
for any initial assignment of populations to the nodes of a Dynkin diagram and for any legal 
sequence of node firings, the numbers game will terminate in the same finite number of steps and 
ultimately yield at each node the same nonpositive terminal population. Our proof of Theorem 
1.1 in Section 2 requires some Coxeter/Weyl group theory, but only implicitly — in particular 
the proof of Eriksson's Comparison Theorem (Theorem 4.5 of |Erik2j ) . As a consequence of our 
proof of Theorem 1.1 and with the help of another result of Eriksson we re-derive in Section 3 
the classifications of the finite-dimensional Kac-Moody algebras (the finite-dimensional complex 
semisimple Lie algebras cf. |Humlj . jKacj ) and of the finite Weyl groups (the finite crystallographic 
Coxeter groups of |Hum2j ) . 

Our second main result (Theorem 1.3) answers our motivating question for a class of graphs (the 
"E-games" of |Erik2j ) whose amplitudes are allowed to be certain real numbers. The classification 
obtained in this theorem uses the classification of finite irreducible Coxeter groups by connected 
positive definite Coxeter graphs (cf. §2.3-2.7 in |Hum2j ) . The connection to Coxeter groups is made 
via a particular geometric representation studied in |Erik2) . referred to here as a "quasi-standard 
geometric representation." This has many similarities to the standard geometric representation, 
but also some surprising differences in regard to some finiteness properties. Results we develop 
about quasi-standard geometric representations in Section 4 lead to our proof of Theorem 1.3 and 
to some further E-game results in Section 5. These include a method for computing (in certain 
circumstances) the positive roots in the root system for a quasi-standard geometric representation of 
a finite Coxeter group (Theorem 5.5) and a classification (Theorem 5.8) of those E-games for which 
the choices of node firings are "interchangeable" in some sense. The latter applies a classification 
result of Stembridge jStemj about "fully commutative" elements in finite Coxeter groups. In Section 
6, we remark on other connections. 

We formulate the problem statement and solution precisely as follows. Fix a positive integer n 
and a totally ordered set /„ with n elements (usually /„ := {1 < . . . < n}). A generalized Cartan 
matrix (or GCM) is an n x n matrix M = {Mij)ij,zj^ with integer entries satisfying the requirements 
that each main diagonal matrix entry is 2, that all other matrix entries are nonpositive, and that 
if a matrix entry Mij is nonzero then its transpose entry Mji is also nonzero. Generalized Cartan 
matrices are the starting point for the study of Kac-Moody algebras: beginning with a GCM, one 
can write down a list of the defining relations for a Kac-Moody algebra as well as the associated 
Weyl group (see Section 3). To an n x n generalized Cartan matrix M = {Mij)ij(zj^ we associate a 
finite graph F (which has undirected edges, no loops, and no multiple edges) as follows: The nodes 
{li)i<^in of F are indexed by the set I„, and an edge is placed between nodes 7^ and 7j if and only 
if i 7^ j and the matrix entries Mij and Mji are nonzero. We call the pair (F, M) a GCM graph. 
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Figure 1.1: Connected Dynkin diagrams. 
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We consider two GCM graphs {T,M = {Mij)ij(zjJ and {T',M' = {M^g)p^q^j^) to be the same if 
under some bijection a : !„ ^ I'n '^e have nodes 7^ and 7^ in T adjacent if and only if 7^^^^ and 
7^^^.^ are adjacent in T' with Mij = M'^^.-^ ^^.y With p = —M12 and q = —M21, we depict a generic 
connected two-node GCM graph as follows: 

We use special names and notation to refer to two- node GCM graphs which have p = 1 and q = 1, 
2, or 3 respectively: 

A2 B2 G2 

• > < • • > <— < • • ► < < < • 

7i 72 7i 72 7i 72 

When p = 1 and g = 1 it is convenient to use the graph ^' '^^ to represent the GCM 

graph A2. A GCM graph (r,M) is a Dynkin diagram if each connected component of (r,M) is 
one of the graphs of Figure 1.1. We number our nodes as in §11.4 of |Humlj . In these cases the 
GCMs are "Cartan" matrices. 

A position A = (Aj)ig7„ is an assignment of real numbers to the nodes of the GCM graph (F, M); 
the real number A, is the population at node 7^. The position A is dominant (respectively, strongly 
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dominant) if Aj > (resp. Aj > 0) for all z E /„; A is nonzero if at least one Aj 7^ 0. For i £ In, the 
fundamental position uJi is the assignment of population 1 at node ji and population at all other 
nodes. Given a position A for a GCM graph (F, M), to fire a node 7^ is to change the population 
at each node jj of F by the transformation 

Xj I — > Xj — MijXi, 

provided the population at node 7^ is positive; otherwise node 7^ is not allowed to be fired. Since 
the generalized Cartan matrix M assigns a pair of amplitudes {Mij and Mji) to each edge of the 
graph F, we sometimes refer to GCMs as amplitude matrices. The numbers game is the one-player 
game on a GCM graph (F,M) in which the player (1) Assigns an initial position to the nodes of 
F; (2) Chooses a node with a positive population and fires the node to obtain a new position; and 
(3) Repeats step (2) for the new position if there is at least one node with a positive population.* 
Consider now the GCM graph B2. As we can see in Figure 1.2, the numbers game terminates 
in a finite number of steps for any initial position and any legal sequence of node firings, if it is 
understood that the player will continue to fire as long as there is at least one node with a positive 
population. In general, given a position A, a game sequence for A is the (possibly empty, possibly 
infinite) sequence (7ji,7j2, • • •)) where is the jth node that is fired in some numbers game with 
initial position A. More generally, a firing sequence from some position A is an initial portion of 
some game sequence played from A; the phrase legal firing sequence is used to emphasize that all 
node firings in the sequence are known or assumed to be possible. Note that a game sequence 
(7*1 ■>li2-> ■ ■ ■ ilii) is of finite length / (possibly with / = 0) if the population is nonpositive at each 
node after the lih firing; in this case we say the game sequence is convergent and the resulting 
position is the terminal position. We say a connected GCM graph (F, M) is admissible if there 
exists a nonzero dominant initial position with a convergent game sequence. Our first main result 
(to be proved in Section 2) is: 

Theorem 1.1 A connected GCM graph (F, M) is admissible if and only if it is a connected Dynkin 

diagram. In these cases, for any given initial position every game sequence will converge to the 

same terminal position in the same Enite number of steps. 

In |Eriklj , Eriksson proves the following related result using combinatorial reasoning and a result 

from the Perron- Frobenius theory for eigenvalues of nonnegative real matrices: For a connected 

GCM graph (F, M) whose amplitude products are unity, every initial position has a convergent 

game sequence if and only if (F,M) is one of An, Dn, Eq, Ej, or E^ from Figure 1.1 (and if and 

only if the "dominant eigenvalue" of M is less that two). Wildberger generalizes this assertion 

to all connected GCM graphs (see |Wil3j l: the resulting GCM graphs are the connected Dynkin 

diagrams. His proof also uses the Perron-Frobenius theory and, in particular, does not depend on 

the classification of finite Weyl groups. In the language of this paper, say a GCM graph is strongly 

admissible if every nonzero dominant position has a convergent game sequence. Then |Erik1j gives 

an "ADE" version of the following result: 

*Mozes studied numbers games on GCM graphs for which the amphtude matrix M is symmetrizable (i.e. there 
is a nonsingular diagonal matrix D such that D^^M is symmetric); in |Moz| he obtained strong convergence results 
and a geometric characterization of the initial positions for which the game terminates. 
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Figure 1.2: The numbers game for the GCM graph i?2- 



a b 
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Theorem 1.2 (Wildberger) A connected GCM graph is strongly admissible if and only if it is 
a connected Dynkin diagram. 

Theorem 1.1 does not require "strongly," and its proof does not refer to eigenvalues. We will also 
demonstrate a more general version of Theorem 1 . 1 that applies to what Eriksson calls "E-games" in 
|Erik2j .* There Eriksson drops the integrality requirement for off-diagonal entries of the amplitude 
matrix and asks: For which such graphs will the numbers game be "strongly convergent"? (This 
concept is defined below at the beginning of Section 2.) His answer (see Theorem 2.2 of |Erik2| 
or Theorem 3.1 of |Erik3j ) is that the amplitude matrix must be what we will call here an E- 
generalized Cartan matrix or E-GCM: This is an n x n matrix M = (Mij)ij^i^ with real entries 
satisfying the requirements that each main diagonal matrix entry is 2, that all other matrix entries 
are nonpositive, that if a matrix entry Mij is nonzero then its transpose entry Mji is also nonzero, 

*Eriksson uses "E" for edge; he also allows for "N-games" where, in addition, nodes can be weighted. 
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Figure 1.3: Families of connected E-Coxeter graphs. 
(For adjacent nodes, the notation © means that the amphtude product on the edge is 4cos^(7r/m); 
for an unlabelled edge take m = 3. The asterisks for Se, £7, and Hs pertain to Theorem 5.8.) 



An (n > 1) •- 



Bn (n > 3) - 



Vn (n > 4) 



£7 



7^4 



© 



© 

• •- 




it^ (m > 4) - 



and that if MijMji is nonzero then MijMji > 4 or MijMji = 4cos^(7r/mij) for some integer rriij > 3. 
An E-GCM graph is the pair (F, M) for an E-generahzed Cartan matrix M. As before, we depict 
a generic two-node E-GCM graph as follows: 

• > " • 

7i ^ ^72 
© 

In this graph, p = — M12 and q = — M21. We use for the collection of all two- 

node E-GCM graphs for which Afi2M2i = pq = 4cos^(7r/m) for an integer m > 3; when m = 3 (i.e. 
pq = 1), we use an unlabelled edge j' 'j^ as before. An E-Coxeter graph will be any 

E-GCM graph whose connected components come from one of the collections of Figure 1.3. Other 
terminology of this section used for GCM graphs will also be used in reference to E-GCM graphs 
and their numbers games {firing, position, admissible, etc). Our second main result generalizes 
Theorem 1.1. 
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Theorem 1.3 A connected E-GCM graph {T,M) is admissible if and only if it is a connected 
E-Coxeter graph. In these cases, for any given initial position every game sequence will converge 
to the same terminal position in the same finite number of steps. 

Acknowledgments We thank John Eveland for stimulating discussions during his work on an 
undergraduate research project |Evej at Murray State University; this helped lead to the motivating 
question we address here. We thank Norman Wildberger for sharing his perspective on the numbers 
game (including his observation about the appearance of "positive root functionals" in numbers 
games on GCM graphs); this helped us formulate the question as well as our proof of our first main 
result. We thank Bob Proctor for pointing us in the direction of Eriksson's work and for suggesting 
that the classification results of Corollary 3.2 follow from the proof of Theorem 1.1. We also thank 
Kimmo Eriksson for his helpful feedback. 

2. Proof of our first main result 

Our proof of the "only if" direction of the first claim of Theorem 1.1 uses a series of reductions 
that are typical in Dynkin diagram classification arguments. These reductions are implemented 
using several results of Eriksson. This helps us to minimize the use of Coxeter group theory. 
Proof of the "only if" direction of the first claim of Theorem 1.1: 

Step 1: Strong convergence. Following |Erik3j . we say the numbers game on a GCM graph (F, M) 
is strongly convergent if given any initial position, every game sequence either diverges or converges 
to the same terminal position in the same number of steps. The next result follows from Theorem 
3.1 of |Erik3j . 

Theorem 2.1 (Eriksson's Strong Convergence Theorem) The numbers game on a connected 
GCM graph is strongly convergent. 

For this part of our proof of Theorem 1.1, we only require the following weaker result, which also 
applies when the GCM graph is not connected: 

Lemma 2.2 In any GCM graph, if a game sequence for an initial position A diverges, then all 
game sequences for A diverge. 

Step 2: Comparison. The next result is an immediate consequence of Theorem 4.5 of |Erik2j . 
Eriksson's proof of this result uses some Coxeter group theory. 

Theorem 2.3 (Eriksson's Comparison Theorem) Given a GCM graph, suppose that a game 
sequence for an initial position A = (Aj)ig/„ converges. Suppose that a position X' := (A'j)jg/„ has 
the property that A^ < Aj for all i G In- Then some game sequence for the initial position A' also 
converges. 

Lemma 2.4 Let r be a positive real number. If (7^^ , . . . , 7^ J is a convergent game sequence for an 
initial position A = (Aj)ig7„, then (7^^, . . . , 7jJ is a convergent game sequence for the initial position 
rX := (rAi)ie/„. 

Proof. For game play from initial position A, let cj be the positive population at node 'ji. when 
that node is fired in the game sequence {ji^, . . . ,7iJ. Now rcj will be the positive population at 
the same node when the same game sequence is applied to the initial position rX. Q 

The next result follows immediately from Theorem 2.3 together with Lemma 2.4: 
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Lemma 2.5 Suppose (T,M) is admissible. Let A = (Aj)^^/^ be a dominant initial position such 
that Xj > for some j £ In- Suppose that a game sequence for A converges. Then some game 
sequence for the fundamental position ujj also converges. 

Step 3: A catalog of connected GCM graphs that are not admissible. The following immediate 
consequence of Lemmas 2.2 and 2.5 is useful in the proof of Lemma 2.7: 

Lemma 2.6 A GCM graph is not admissible if and only if for each fundamental position there is 
a divergent game sequence. 

Lemma 2.7 The connected GCM graphs of Figure 2.1* are not admissible. 

Sketch of proof. By Lemma 2.6, it suffices to show that for each graph in Figure 2.1 one game 
sequence for each fundamental position diverges. Our approach is to start with a fundamental 
position assigned to one of these graphs and then proceed with a numbers game, firing in some 
predictable manner until a pattern emerges. This exercise can be completed by hand in a reasonable 
amount of time. We illustrate the nature of our arguments with two examples. 

First, we show why GCM graphs in the "D" family are not admissible. The smallest GCM graph 
in this family has five nodes. Figure 2.2 shows that for each fundamental position there exists 
a game sequence that repeats indefinitely. In Figure 2.2.1, we fired each node once. In finding 
sequences of node firings in Figure 2.2.2, we analyzed the k = and fc > cases separately; for the 
latter we fired the center node twice. In the case of more than five nodes. Figure 2.3 shows that 
for each fundamental position there exists a game sequence that repeats indefinitely. In Figure 
2.3.1, we started by firing at the node with positive population, then fired all nodes to the right 
in succession (and returned), then fired all nodes to the left in succession (and returned); we only 
fired the starting node once. In Figure 2.3.2, we fired first at the positive population node, then 
proceeded to fire the nodes to its right in succession (and returned), then fired the starting node 
again, and finally fired the two leftmost nodes. In Figure 2.3.3, we traversed the "isthmus" of the 
graph twice. 

Second, we show why GCM graphs of the form are not admissible. We assume that 

the amplitude products piqi and p2q2 are at least two (at Step 6 below we will see that it suffices 
in Figure 2.1 to assume these products are at most 3). Assign populations a, b, and c as follows: 

Set K := {2pi + 2p2 — + {Pi + 2p2 — ^)^ + '^- Assume for now that a > 0, 5 > 0, c < 0, 

>b 

and K > 0; when these inequalities hold we will say the position (a, b, c) meets condition (*). Under 
condition (*) notice that a and b cannot both be zero. Begin by firing only at the two rightmost 
nodes. When this is no longer possible, fire at the leftmost node. The resulting corresponding 
populations are oi = (?i(k + -^b), bi = q2{K + ^a), and ci = —k — — ^6. In particular, oi > 0, 




*The infinite family of GCM graphs of Figure 2.1 is the family of cycles with amplitude products of unity on 
all edges. Such cycles were in fact the graphs that motivated Mozes' study of the numbers game in |Moz| . 
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Figure 2.1: Some connected GCM graphs that are not admissible. 
The "1" family of GCM graphs 
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Figure 2.1 (continued): Some connected GCM graphs that are not admissible. 

The "E" family of GCM graphs 



f 



-• 



The "F" family of GCM graphs 
• • — -* < — • • • 



• • — « «-< — • • • 



The "G" family of GCM graphs 
• — > — «-<-< — • — » — «-<-< — • • — > — «-<-< — • — »-»-» — < — • 



• — > — «-*-< — • — > «-< — • • — > — «-<-< — • — »-» < — • 



• — » — «-*-< — • • • — »-*-» — < — • • 
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Figure 2.1 (continued): Some connected GCM graphs that are not admissible. 

Famihes of small cycles 




Figure 2.2: The five-node GCM graph in the family is not admissible. 
(In each part of this figure, for any fc > 0, the position on the right can be obtained 
from the position on the left by a sequence of legal node firings.) 



2.2.1 




-fc - 1 




2.2.2 



fc + 1 




fc + 2 



fc + 1 




fc + 1 



fc + 1 



Figure 2.3: GCM graphs in the "D" family with more than five nodes are not admissible. 
(In each part of this figure, for any fc > 0, the subsequent position can be obtained 
from the first position by a sequence of legal node firings.) 
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Figure 2.3 (cont'd): GCM graphs in the "-D" family with more than five nodes are not admissible. 
(In each part of this figure, for any fc > 0, the subsequent position can be obtained 
from the first position by a sequence of legal node firings.) 



-k 



2.3.2 




-k 






bi > 0, and ci < 0. Next we check that ki := {2pi + 2p2 — + {Pi + ^P2 — + ci is also 

positive. Now 



2pi + 2p2 - 



+ 
+ 



Qi 



qi ( 2pi + 2p2 - + 52 (^Pi + 2p2 - ^ 1 - 1 



+ \pi+2p2- — 
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\ \Pi + 2p2 

,91 91 V 92 



a + 



— + ^ ( 2pi + 2p2 - - 
92 92 V 91 



Observe that qi ( 2pi + 2p 



qi 



+92 Pi + 2p2 



1 is positive. Since + ^ ( Pi + 2p2 



-22 



^ + 1^ y2pi + 2p2 — ^ j , and k are positive as well, then ni > 0. Thus, (ai, 6i, ci) meets condition 
(*), so we can repeat the above firing sequence from position (ai,6i,ci) to obtain a position 
(02,62,02) that meets condition (*), etc. Since the fundamental positions (a,6, c) = (1,0,0) and 
(a, b, c) = (0, 1, 0) meet condition (*), then we see that the indicated firing sequence can be repeated 
indefinitely from these positions. For the fundamental position (a, 6, c) = (0,0,1), begin by firing 
at the leftmost node to obtain the position {qi,q2,—l). This latter position meets condition (*), 
and so the firing sequence indicated above can be repeated indefinitely from this position. 

Step 4: Every node is fired. The following is proved easily with an induction argument on the 
number of nodes. 
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Lemma 2.8 Let A be a nonzero dominant position assigned to the nodes of a connected GCM 
graph (r, M). Then in any game sequence for X, every node ofT is fired at least once. 

Step 5: Subgraphs. If is a subset of the node set /„ of a GCM graph (r,M), then let T' be 
the subgraph of F with node set and the induced set of edges, and let M' be the corresponding 
submatrix of the amplitude matrix M; we call {T',M') a GCM subgraph of (T,M). In light of 
Lemma 2.8, the following result amounts to an observation. 

Lemma 2.9 If a connected GCM graph is admissible, then any connected GCM subgraph is also 
admissible. 

Step 6: Amplitude products must be 1, 2, or 3. 

Lemma 2.10 If ji and 'jj are adjacent nodes in a connected admissible GCM graph (F, M), then 
the product of the amplitudes MijMji is 1, 2, or 3. That is, the GCM subgraph of (T,M) with 
nodes i and j is in this case one of A^, B^, or G2. 

Proof. By Lemma 2.9 we may restrict attention to the admissible GCM subgraph (T', M') with 
node set A nonzero dominant position with a convergent game sequence might not begin 

with positive populations at both nodes; nonetheless, by examining the proof one sees that Lemma 
3.7 of |Erik3j still applies to show that the product MijMji of amplitudes in the admissible GCM 
graph (r',M') is 1, 2, or 3. 

Conclusion of the "only if" part of the first claim of Theorem 1.1. Putting Steps 1 through 6 to- 
gether, we see that the only possible connected admissible GCM graphs are the Dynkin diagrams. 
Proof of the remaining claims of Theorem 1.1: 

Let (r,M) be a connected Dynkin diagram. Theorem 2.1 (Eriksson's Strong Convergence The- 
orem) shows that if a game sequence for some initial position A converges, then all game sequences 
from A converge to the same terminal position in the same finite number of steps. Then in light of 
Theorem 2.3 (Eriksson's Comparison Theorem), it suffices to show that for any strongly dominant 
initial position assigned to the nodes of (r,M), there is a convergent game sequence. For the 
exceptional graphs (E'e, E^, Eg, F4, and G2) this can be checked by hand (requiring 36, 63, 120, 
24, and 6 firings respectively). For the four infinite families of Dynkin diagrams, the next result 
can be proved by induction. 

Lemma 2.11 For any positive integer n (respectively, any integer n > 2, n > 3, n > 4j and for 
any strongly dominant position (oi, . . . , a„) assigned to the nodes of An (respectively, Bn, Cn, Dn), 
one can obtain the position (ai + • • • + a„, — a„, . . . , —03, —02) (respectively (ai + 2a2 + • • • + 2a„_i + 

an, -0.2, -as, • • • , -an), (ai + 2a2 H h 2a„_i + 2a„, -02, -as, . . . , -a„), (ai + 2a2 H h 2a„_2 + 

a„_i + On, —02, —as, . . . , — a„_2, —hn~i, —bn) where bn-i ■= a„_i and bn '■= an when n is odd and 
where := o„ and bn := a„_i when n is even) by a sequence of "^"^"^^ (resp. (n — 1)^, {n — 1)^, 
(n — l)(n — 2)j node Brings. 

From this we can obtain the following (again by induction): 
Lemma 2.12 For any positive integer n (respectively, any integer n > 2, n > 3, n > 4) and 
for any strongly dominant position (ai, . . . , a„) assigned to the nodes of An (respectively, Bn, Cn, 
Dn), one can obtain the terminal position {—an, . . . , —02, — ai) (respectively (— ai, — a2, . . . , — a„), 
(-ai, -02, . . . , -an), (-ai, -02, . . . , -an-2, -bn-i, -bn) where bn-i := an-i and bn ■= an when n 
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is even and where := a„ and bn '■= On-i when n is odd) by a sequence of " ^ (resp. , v? , 
n{n — 1)) node Brings. 

This completes the proof of Theorem 1.1. Q 

3. Classifications of finite-dimensional Kac-Moody algebras and 
finite Weyl groups 

Since our first proof of Theorem 1.1 does not depend on the classifications of the finite-dimensional 
Kac-Moody algebras or of the finite Weyl groups, we can use Theorem 1.1 to obtain these results. 
In fact only the weaker result Theorem 1.2 due to Wildberger is needed for our proof. This is 
recorded as Corollary 3.2 below. These classifications are obtained in [Kacj and |Hum2j respectively 
by carefully studying properties of the generalized Cartan matrix (or a closely related matrix). 
The definitions we use here basically follow |Kumj (but see also |Kac) ). The Lie algebra that 
is constructed next does not depend on the specific choices made. Given a GCM graph (F, M) 
with n nodes, choose a complex vector space of dimension n + corank(M). Choose n linearly 
independent vectors {(3^}i<i<n in ^, and find n linearly independent functionals {f3i}i<i<n in [)* 
satisfying Pj{f3^) = Mij. The Kac-Moody algebra g = q{T, M) is the Lie algebra over C generated 
by the set [) U {xj, with relations [(),[)] = 0; [h,Xi] = I3i{h)xi and [h,yi] = -(ii{h)yi for 
all /i G f) and i G /„; [xi,yj] = SijP^ for all i,j G /„; (adxi)"'^~^-'*(xj) = for i / j; and 
(adyi)^~*^J'(?/j) = for i / j, where {adz)''{w) = [z, [z, - ■ ■ , [z, w] •••]]. It is known (see for example 
Proposition 1.3.21 of |Kumj ) that the associated Weyl group W = W{T,M) with identity denoted 
e has the following presentation by generators and relations: generators {si}i£i„, and relations 
sf = e for i ^ In and {siSj)"^'^ = e where the integers rriij are determined as follows: rriij = 2 
if MijMji = 0, rriij = 3 if MijMji = 1, rriij = 4 if MijMji = 2, rriij = 6 if MijMji = 3, and 
rriij = oo if MijMji > 4. This group is the same as the Coxeter group Eriksson associates to the 
GCM graph (r,M) in §3 of |Erik2j . If the graph F has connected components Fi,...,Ffc with 
corresponding amplitude matrices Mi, . . . ,Mfc, then g{T,M) 0(Fi,Mi) © • • • © g(Ffc,Mfc) and 
W{T, M) PS T^(Fi , Ml ) X • • • X W{Tk , Mk). For a firing sequence (74^ , , . . . , ^i. ) from some initial 
position A in a numbers game on (F, M), the corresponding element of W is Si - ■ ■ ■ Si^Si^. The next 
result follows from Proposition 4.1 of |Erik2j and is a key step in our proof of Corollary 3.2. 
Proposition 3.1 (Eriksson's Reduced Word Result) If (7ji,7j2> ■ ■ ■ ilij) is a legal sequence 
of node Brings in a numbers game played from some initial position on a GCM graph (F, M), then 
Sij ■ ■ ■ Si^Si^ is a reduced expression for the corresponding element of the Weyl group W{T, M). 
Corollary 3.2 Given a generalized Cartan matrix, the associated Weyl group is Bnite if and only 
if the associated Kac-Moody algebra is Bnite-dimensional if and only if the associated CCM graph 
is a Dynkin diagram. 

Proof. Suppose a connected GCM graph (F, M) is not a Dynkin diagram. Then by Theorem 1.1 
or 1.2, we may pick a nonzero dominant position A as an initial position and play a nonterminating 
numbers game. By Eriksson's Reduced Word Result, it follows that the sequence of the first k 
firings (for any /c > 0) of the corresponding game sequence will correspond to a reduced word in the 
corresponding Weyl group W. Thus our numbers game generates an infinite number of Weyl group 
elements, and hence \W\ = 00. From Proposition 1.4.2 of |Kumj . it follows that the set of roots of 
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the Kac-Moody algebra q associated to (F, M) is infinite. From the root space decomposition of q 
(see §1.2 of |Kumj ) . it now follows that q is infinite-dimensional. Conversely, that the Kac-Moody 
algebra g associated to a connected Dynkin diagram (F, M) is finite-dimensional follows from Serre's 
Theorem (Theorem 18.3 of |Hnmlj ) in combination with the construction in §12 of that text of the 
root system for the connected Dynkin diagram; finiteness of this root system implies the finiteness 
of the associated Weyl group (again Proposition 1.4.2 of |Kumj ). | | 

It is well known that the Kac-Moody algebras associated to the Dynkin diagrams of Figure 1.1 
are the complex finite-dimensional simple Lie algebras (see for example |Humlj §18). It is also 
well known that Lie algebras corresponding to distinct Dynkin diagrams of Figure 1.1 are non- 
isomorphic; for the associated Weyl groups, the only redundancy is that the groups corresponding 
to the Bn and C„ graphs for n > 3 are the same. 

4. Quasi-standard geometric representations of Coxeter groups and 
a generalization to E-games 

In this section we study a certain geometric representation of a Coxeter group associated to a 
given E-GCM. This geometric representation is developed in |Erik2j §3, 4 and in |BBj §4.1, 4.2; it 
is similar to but not in general the same as the standard geometric representation (as developed 
in |Hum2j Ch. 5, for example). Results we derive about geometric aspects of this representation 
extend the standard theory and will lead to a proof of the classification result Theorem 1.3. The 
classification of finite Coxeter groups r |Hum2| §6.4, 2.7, 2.4) is used in our proof of Theorem 1.3. 

Now and for the remainder of this section fix an E-GCM graph (F,Af). Define the associated 
Coxeter group W = W{T, M) to be the Coxeter group with identity denoted e, generators 
and relations sf = e for i € In and (siSj)"^'^ = e for all i ^ j, where the integers rriij are determined 



Observe that any Coxeter group on a finite set of generators is isomorphic to VF(F, M) for some 
E-GCM graph (F,M); the Coxeter group is irreducible if F is connected. By the classification 
of finite Coxeter groups, an irreducible Coxeter group is finite if and only if it is the Coxeter 
group associated to an E-Coxeter graph from Figure 1.3. Before proceeding toward our proof of 
Theorem 1.3, we note the following. In Propositions 4.1 and 4.2 of |Deoj . Deodhar gives a number 
of statements equivalent to the assertion that a given irreducible Coxeter group is finite. As an 
immediate consequence of Theorem 1.3 and the classification of finite Coxeter groups, we add to 
that list the following equivalence. 

Corollary 4.1 An irreducible Coxeter group W is finite if and only if there is an admissible 
E-GCM graph whose associated Coxeter group is W if and only if any E-GCM graph is admissible 
when its associated Coxeter group is W. Q 

We say two nodes 7^ and "jj in (F, M) are odd-adjacent if mij is odd, even-adjacent if m^- > 4 
is even, and 00-adjacent if = 00. When is odd and Mjj 7^ Mji, we say that the adjacent 
nodes 7^ and 7j form an odd asymmetry. Note that m^j = 2 (respectively 3, 4, 6) when MijMji = 
(resp. 1, 2, 3). We let I denote the length function for W. For J C let Wj be the subgroup 




if Mij Mji = 4 cos^(7r//cjj) for some integer kij > 2 
if Mij Mji > 4 



15 



generated by {sjjjgj, a parabolic subgroup, and W"^ := {w & W \ l{wsj) > ^{w) for all j G J} is 
the set of minimal coset representatives. If J = {i,j}, then Wj is a dihedral group of order 2mij. 

Let y be a real n-dimensional vector space freely generated by (ai)jg/„ (elements of this ordered 
basis are simple roots) . Equip V with a possibly asymmetric bilinear form B : V xV ^ M defined on 
the basis (aj)jg/„ by B{ai,aj) := \Mij. For each i & In define an operator Si : V ^ V hy the rule 
Si{v) := V — 2B{ai,v)ai for each v ^V. One can check that Sf = I (the identity transformation), 
so Si £ GL{V). With Vij := spanjgjaj, aj}, observe that SkiVij) C Vij for k = i,j. Let 55 be the 
ordered basis {ai,aj) for V^j, and for any linear mapping T : Vij Vij let [T]sb be the matrix for 
T relative to 53. Then 

TQI 1 -1 -^ii ^ re I 1 1 ^ TQQI 1 Mi,•^ 



y 1 y'^---^— \-Mji -1 y-— y _Mji -I J 

Analysis of the eigenvalues for Xij := [SiSj\vi j]<B as in the proof of Proposition 1.3.21 of |Kumj 
shows that Xij has infinite order when MijMji > 4, and hence SiSj has infinite order as an 
element of GL{V). When < MijMji < 4, write MijMji = for < (9 < tt/2. In 

this case check that Xij has two distinct complex eigenvalues (e^*^ and e~^*^). It follows that 
Xij has finite order ruij if and only if 9 = ir/mij, which coincides with Eriksson's constraints 

on the amplitude products of the E-GCM. When MijMji = 0, then Xij ~ ^ g ^1 ^ ' ^^^'"'^ 

clearly has order niij = 2. With < MijMji < 4, one can easily see that V = Vij © V^j, 
where V- j := {v E V\B{ai,v) = = B(aj,v)}. Since SiSj acts as the identity on V-j, it 
follows that SiSj has order niij as an element of GL(y). Then there is a unique homomorphism 
o"M : W — > GL{V) for which aM{si) = Si] we call cja/ a quasi- standard geometric representation of 
W . We now have W acting on V , and for aWw^W and w E y we write w.v for o"Af (it;)(w). Define 
(^M := {a E F I a = ti;.aj for some i £ In and tt; E W}. Elements of <I>Af are roots; if a = ^ CiUi 
is a root with all q nonnegative (respectively nonpositive), then say a is a positive (resp. negative) 
root, and write a >j^j (resp. a 0). Let and denote the collections of positive and 
negative roots respectively; it is a consequence of Proposition 4.3 below that is partitioned 
by <I>J^ and <I>^^. The possible asymmetry of the bilinear form is a crucial difference between this 
quasi-standard geometric realization and the standard geometric realization; for example, CMiW) 
preserves the form B if and only if M is symmetric, in which case the representation studied here 
is the same as the standard geometric representation. Under this quasi-standard action of W on 
V, sometimes Kox is a root for K ^ ±1, as Example 4.10 shows (see also Exercise 4.9 of IBBj ).* 
Our proofs of the main results of this section require us to understand how this VF-action generates 
scalar multiples in <I>. First we analyze how Si and Sj act in tandem on Vij. Our next result 
strengthens Lemma 4.2.4 of |BB| . 

Lemma 4.2 Fix i j in In, and let k be a positive integer. If niij = oo, then {siSj)^ .ai = aai + buj 
and Sj{siSj)^.ai = cui + duj, for positive coefficients a, b, c, and d. Now suppose ruij < oo. If 
2k < ruij, tlien {siSj)^.ai = aui + buj with a > and 6 > 0. Moreover, this is a multiple of Uj if 
and only if mij is odd and k = {niij — l)/2, in which case {siSj)^ .Ui = 2cos{n jm- ■) ^y Similarly, if 

* Just prior to the statement of Proposition 4.4 in IErik2l . it is mistakenly asserted that the only multiples in $m 
of a simple root Qx are ia^. This only affects Proposition 4.4 of that paper. 
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2k < rriij — 1, then Sj{siSj)^ .ai = aai + baj with a > and 6 > 0. Moreover, this is a multiple of 
Ui if and only if rriij is even and k = {rriij — 2)/2, in which case Sj{siSj)^ .ai = ai. 

Proof. The details are somewhat tedious but routine. For convenience set p := —Mij and 
q := —Mji. Start with rriij < oo, and set 6 := tt/ rriij. We will work with the ordered basis 53 for 
Vij and operators Xi := [5*4 1 y- ^. ] and Xj := [Sj\vij]^ as above. Then to understand {siSj)^.ai 
and Sj{siSj)^.ai we compute X^- and XjX^-. In the case that pq = 4cos^(^), then can be 
written as Xi^j = PDP~^ for a nonsingular matrix P and diagonal matrix D in the following way: 

1 / e2^^ + 1 e-2»0 + 1 \ / e2*9 \ / g -e-^^^ - 1 \ 

Then for any positive integer k we have 

Xk. = pDkp-^- ^ sin(2(fe + l)e)+sin(2A:e) -ps\n{2ke) \ 



sin(2^) I qsin{2ke) - sin(2A:^) - sin(2(A; - 1)^) 



and 



. _ 1 / sin(2(A; + 1)61) + sin(2/c6') -p sin(2A;6l) 

X^X^ 



sin(26') I g sin(2(/c + 1)6*) (1 - pq) sin(2/e6') + sin(2(/e - 1)61) 



Use the first column of X^j and XjXf^ to see that {siSj)^.ai = sin(^2e) [sin(2(A; + 1)0) + sin(2/c6')]aj + 
^^^sm{2ke)aj and Sj{siSJ)Ka^ = 5^[sin(2(/c+ 1)0) +sin(2A;0)]ai + sin(2(A; + l)0)a,-. As 

long as 2(A; + 1) < rriij, then all the coefficients of these linear combinations will be positive. So now 
suppose 2{k + 1) > ruij. First we consider {siSj)^ = aai + baj for some positive k with 2k < rriij. 
There are two possibilities now: 2{k + 1) = rriij or 2{k + 1) = m,ij + 1. In the former case both a 
and h are positive. In the latter case we have rriij odd, a = sin(2e) [siQ(2(fe + 1)9) + sin(2fc0)] = 0, and 
^ ~ sln(2e) ~ 2 cos e • Second we consider Sj{siSj)^ = aai + baj for some positive A; with 2A; < rriij — 1. 
Now the fact that 2{k + 1) > ruij implies we have 2{k + 1) = ruij. In particular, m^- is even. With 
k = [rriij ~ 2)/2 now, one can check that 6 = and a = 1. 

For rriij = oo, first take pq = 4. We can write Xij = PYP~^ for nonsingular P and upper 
triangular Y as follows: 




C2k + 1 —kp \ 
I . It follows that {siSj)^.ai = 
kq —2k + 1 / 

{2k + l)ai + kqaj, with both coefficients of the linear combination positive. From the first column 
of the matrix XjX^- we see that Sj{siSj)^.ai = {2k + l)aj + {2k + l)qaj, with both coefficients 
of the linear combination positive. Next take pq > 4. In this case we get distinct eigenvalues 
^ = \{PQ — 2 + ■\/pq{pq — 4)) > 1 and = \{pq — 2 — \/pq{pq — 4)) < 1 for Xij (here we have 

A/x = 1). As before, write Xjj = PDP~^ for the diagonal matrix = ^ ^ ^ and a nonsingular 
matrix P to obtain 



1 I p p \ I Q 
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for any positive integer k, with A' := /i + 1 and /i' := A + 1. This (eventually) simplifies to 

q{X'' - iJ") ii'n'' - X'X'' J ' 



fi'X^ - X'fi'' -p(A'= - n'') \ 
glA'^+i AV-^'A'^ J ■ 

The factor is positive, and for both matrices X*"'. and XjX}^-, the first column entries are 
positive. So, {siSj)^ .ai = aui + baj with both a and b positive, and Sj{siSj)^.ai = cai + daj with 
c and d both positive. Q 
In view of this result, for odd rriij, let vji be the element {siSj)^"^^^~^^^'^ , and set j := 2cos(TT/'m- ) ' 
which is positive. Then vji.ai = Kjiaj. Observe that KijKji = 1 and moreover that Vij = vj^ . 
A path with odd adjacencies (or OA-path, for short) in (r,M) is a sequence V := [7jo)7ii> • • • ilip] 
of pairwise odd-adjacent nodes of T; this OA-path has length p, and we allow OA-paths to have 
length zero. We say 7j(, and are the start and end nodes of the OA-path, respectively. If OA- 
path Q = [7jo5 7ju • • • iljq] has the same start node as the end node of then their concatenation 
V\\Q IS the OA-path [7^0 

) 7ii ) • • • ) 7ip=io' • • • ' 7iq]- Let £ W he the Coxeter group element 
■Wjpjp-i • ■ -Vi^i^Vi^io, and let 11^ := Ki^i^_^ ■ ■ ■ Ki^i^Ki^i^, where = e with = 1 when V has 
length zero. Note that w^.ai^ = H^Ui^ and that w^^^ = w^w^. 

Proposition 4.3 Let t« S and i G 1^. Ifl{wsi) > (-{w), then w.Ui 0, and in this case w.ai = 
Ka^ (x £ In,K > 0) if and only if w.ai = w^.a-i for some OA-path V = [yio=i, In, ■ ■ ■ , 7jp-i , lij,=x], 
so K = Hp. Similarly, if l{wsi) < i{w), then w.ai <m ^^^^ w.ai = Kax (x £ In, K < 

0) if and only if w.ai = {w^Si).ai for some OA-path V = [yio=i, Jh, - ■ ■ , 7ip_i , Hp=x], so K = -Hp . 

The assertions that l{wsi) > l{w) ^ w.ai >m i{wsi) < l{w) w.ai <m Proposition 
4.2.5 of |BBj . Our similar proof (below) of these assertions follows the proof of Theorem 5.4 of 
|Hum2j . whose set up we require for our analysis of roots which are scalar multiples of simple roots. 

Proof of Proposition 4-3. The first part of our argument follows the proof of Theorem 5.4 from 
|Hum2j : however, the argument here is easier since we may use the fact that for J ^ In, the length 
function Ij on Wj agrees with I. Note that the second assertion of the theorem follows from the 
first. For the first assertion of the theorem, induct on l{w). When l{w) = 0, there is nothing to 
prove. Now suppose l{w) > 0. Take any j G /„ for which l(wsj) = l{w) — 1; since l{wsi) > (.{w), 
then i 7^ j. Let J := {i,j}, and let v be the unique element in W'^ and Vj the unique element in 
Wj for which w = vVj. Then l(w) = l{v) +i{vj). Observe that ^{vj) > since l{v) < l{w). From 
Humphreys' proof, we can see that l{vsi) > i{v), i{vsj) > l{v), and l{vjSi) > ^{vj). Apply the 
induction hypothesis to conclude that v.Oi and v.Oj >^j- 0. It is possible that l{w) = ^{Vj), 
so the induction hypothesis might not apply to Vj. But since l{VjSi) > ^{Vj), it follows that any 
reduced expression for Vj (necessarily an alternating product of Si 's and Sj 's) must end in Sj . Then 
we may apply Lemma 4.2 to conclude that Vj.ai >^j- 0. Together these facts imply that w.ai >n{ 0. 

Now we address the issue of scalar multiples. Suppose w.Oi = Kax for some x £ In and real 
number K > 0. Write Vj.Oi = aoi + baj, and suppose a > and 6 > 0. Note that v.ai and v.aj 



''^ X-p 
From this we also get 



k 



1 

X — fj, 
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cannot both be multiples of the same ax (otherwise v~^.ax is a multiple of both Oj and aj). But 
now a simple calculation shows that in this case w.ai will not be a multiple of a^' for any x' G In- 
We conclude that Vj.ai must be a scalar multiple of ai or aj. If Vj = Sj, then w.ai = v.ai, and 
the induction hypothesis now applies to v to obtain the desired result. So now suppose ^{vj) > 1. 
Then Vj = (siSj)^ or Sj{siSj)^ for some positive integer k. From Lemma 4.2, it follows that if 
niij = oo, then Vj.ai = aai + baj with a and b both positive. Therefore rriij is finite. In this 
case the longest element in Wj has length ruij and can be written in two ways, one ending in 
Si. Therefore l{vj) < rriij. We are again in the situation of Lemma 4.2. If Vj.ai = ai, then 
w.ai = v.ai, and we can apply the induction hypothesis to v. If Vj.ai ^ ai, then we see that 
rriij is odd and Vj.ai = Vji.ai = Kjiaj. Again apply the induction hypothesis to v, where now 
v.aj = #-ax = w^.aj for some OA-path Q = [yjo=j,^jj^, . . . =x]. Let V := [yi,'Jj]\\Q- Then 
w.ai = Kax = Wj,.ai. Q 
As with Corollary 5.4 of |Hum2j it follows that the representation ctm is faithful. It also follows 
that $M is partitioned by the sets of positive and negative roots. For any w G W, set NMiw) := 
{a G $+ I w.a G 

Lemma 4.4 For any i G I„, Si{^l.j \ {Kai\K G M}) = ^>|^ \ {Kai\K G M}. Now let w eW. If 
w.ai >M 0; then NM{wsi) = Si{NM{w)) {{Kai\K G M} n a disjoint union. If w.ai <m 0; 

then NMiw.Si) = .Si{NM{w) \ {Kai\K G M}). 

Proof. The proof of Proposition 5.6. (a) from |Hum2j is easily adjusted to prove the first claim. 
Proofs for the remaining claims involve routine set inclusion arguments. | | 

For J C /„, let {^mY '■= {ct G *I*jv/ | a span]g{aj}jgj}. Our next result observes that an 
assertion from the proof of Proposition 4.2 of |Deoj also holds here: 

Proposition 4.5 If (F, M) is connected and is infinite, then is infinite when J is a proper 
subset of In. 

Proof: In the "(ix) ^ (ii)" part of the proof of Proposition 4.2 in [Deoj . begin reading at the 
assumption ^^\^'^\ < oo," replacing with ^"[j. Q 
Before we analyze the sets {Kax\K G M} H we need some further notation. An OA-path 

V = [7jQ, . . . ,7jp] is an OA-cycle if = ji^^; it is a unital OA-cycle if Hp = 1. For OA-paths V 
and Q, write "P ~ Q and say V and Q are equivalent if these OA-paths have the same start and 
end nodes and 11^ = 11^; this is an equivalence relation on the set of all OA-paths. An OA-path 

V is simple if it has no repeated nodes with the possible exception that the start and end nodes 
may coincide. We say the E-GCM graph (F, M) is unital OA-cyclic if and only if IIj^ = 1 for 
all OA-cycles C. Note that (F,M) is unital OA-cyclic if and only if "P ~ Q whenever V and Q 
are OA-paths with the same start and end nodes. If F is a tree, then (F, M) is unital OA-cyclic 
(vacuously so). From the definitions it follows that (F,M) is unital OA-cyclic if it has no odd 
asymmetries. If M is symmetrizable, then by Exercise 2.1 of |Kacj . (F,M) is unital OA-cyclic. 
However, a unital OA-cyclic E-GCM graph need not have a symmetrizable amplitude matrix M, 
as Example 4.10 shows. To check if an E-GCM graph is unital OA-cyclic, it is enough to check that 
each simple OA-cycle is unital. An E-GCM graph is OA-connected if any two nodes can be joined 
by an OA-path. An OA-connected component of an E-GCM graph (F,M) is an E-GCM subgraph 
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(T',M') whose nodes form a maximal collection of nodes in (r,M) which can be pairwise joined 
by OA-paths. 

Lemma 4.6 Let ji and 'jj be nodes in the same OA-connected component of the E-GCM graph 
(r,M). Then there is a a one-to-one correspondence between the sets {Kai\K G M} n and 
{K'aj\K' GM}n$|:^. 

Proof. Let Sj := {Kai\K e M} n and Gj := {K'aj\K' G M} n «>|^. For (p : Si ^ 6j 
define Kai i-^ KjiKaj. This is well-defined since Kai S Sj means K = for some OA-path 
with some start node jx and end node 7, (cf. Proposition 4.3). Then KjiK = H^^j^ ^ j, and hence 

KjiKaj £ Sj. A similar argument shows that ^ : Sj — > Sj given by K'aj 1 — > KijK'ai is 
well-defined. That 4> and ^ are inverses follows from the fact that KijKji = 1. Q. 
Lemma 4.7 Suppose {T,M) is unital OA-cycMc. Then for any OA-path V there is a simple 
OA-path which is equivalent to V. 

Proof. liV = [7io, . . . , 7ip] is not simple, then let 7^^ be the first repeated node, appearing again 
(say) as 7^4 in position t > s of the sequence. Let Vi = [7io, . . . ,7j^], Q = [71^, . . . ,7it] (an OA- 
cycle), and V2 = [lit,-- - ,lip\- Clearly V = Vi\]Q\\V2. Since Hg = 1, then = Tl^^^^^. So we 
have Vi\\P2 ~ "P, and the former is shorter than the latter. Continuing this process we arrive at a 
simple OA-path equivalent ioV. Q 
Proposition 4.8 Suppose {T',M') is an OA-connected component of (T,M) with nodes corre- 
sponding to some subset J ^ In- Then the following are equivalent: 

(1) {T',M') is unital OA-cyclic; 

(2) \{Kax\K E M} n < 00 for some x G J; 

(3) \{Kax\K G M} n $^^| < 00 for all x e J. 

In these cases we have \{Kax\K G M} n <I>^j| = \{Kay\K G M} n <i>|^| for all x,y e J. 

Proof. We show (2) ^ (1) (3), the implication (3) ^ (2) being obvious. For (1) (3), 
let X G J. Observe that if Kux G then by Proposition 4.3 we must have K = for some 
OA-path V with end node jx- Therefore V is in (F', M'). By Lemma 4.7, we may take a simple OA- 
path Q equivalent to V (all OA-paths equivalent to V must be in (F', M')), so that K = FE^. Since 
there can be at most a finite number of simple OA-paths, then there can be at most finitely many 
positive roots that are scalar multiples of a given ax- For (2) =^ (1), we show the contrapositive. Let 
C = [7a:, • • • , 7a;] be a non-unital OA-cycle with start/end node 7a. for an x G J. So necessarily C has 
nonzero length. Note that w^.Ox = Il(,ax- Next, for y £ J (and possibly y = x) take any OA-path 
V with start node 7a: and end node 7^. Since w^.Ux = H^Uy, it follows that w^w^.ax = H^H'^ay 
for any integer k. In particular, for all y G In, we have ll-ftTayl-fT G M} n <I>^^| = 00. The final claim 
of the proposition statement follows from Lemma 4.6. | | 

When the E-GCM (F, M) is OA-connected and unital OA-cyclic, let /r,M := \{Kax\K G M}n$^j| 
for any fixed x G In] then in this case Proposition 4.3, Lemma 4.4, and Proposition 4.8 allow 
us to modify the proof of Proposition 5.6 of |Hum2| to obtain the result that for all w G W, 
|A^A/(ii')| = fr,M^{w). Proposition 4.9 below generalizes this statement. When W is infinite, the 
length function must take arbitrarily large values; from Proposition 4.9 it will follow that is 
infinite as well. 
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Proposition 4.9 If the E-GCM graph (F, M) is unital OA-cychc then for all w £ W we have 

/l«M < \NM{w)\<f2l{w), 

where fi is the min and f2 is the max of all integers in the set 

{fr',M' I (r',M') is an OA-connected component of (r,M)}. 

Proof. Induct on l{w). For t{w) = 0, the result is obvious. Now take w with w = w'si, 
t{w) = t{w') + 1, and ji in an OA-connected component {T',M') of {T,M). Then by Lemma 4.4, 
\Nm{w)\ = \Nm{w')\ + /r',A/'- Since /i liw') < \Nm{w')\ < /a i{w'), the result follows. □ 
Example 4.10 In Figure 4.1 is depicted a connected, unital OA-cyclic E-GCM graph (F,M) 
with two OA-connected components: (Fi,Mi) is the E-GCM subgraph with nodes 7^ and 7^, and 
(F2,M2) has nodes ^x, Jy, and 7^. The amplitude matrix M is not symmetrizable by Exercise 
2.1 of |Kacj . Pertaining to the pair {jy,^z), we have 4cos^(7r/5) = and 2cos(7r/5) = ■ 



Since M„ 



^yz - and Mzy = -(1 + V5), then Ky^ - j^^^^ - 

For all other odd adjacencies (7^, 7^) in this graph, nipg = 3, so Kpg 



i and Kzy 



2cos(7r/5) 



2. 



-Mpg and Kqp 



-M, 



IP- 



Use Proposition 4.3 to see that /ri,A/i = 2 and fv2,M2 — 3- For example, {i^ajji^ E M} n <I>Jf = 
{oj, ioj} = Nuisi) and {Ka^^li^ G M} n = {a^, ^a^, f a^} = NMisx)- By Proposition 4.9, we 
can see that 

/ri,Mi^(SxSj) = 4 < |iVM(SxSi)l < 6 = /r2,M2^('Sa;Si)- 

More precisely, from Lemma 4.4, we get 

NMisxSi) = Si.{NM{sx)) lli {{Kai\K G M} n ), 

from which we see that \NM{sxSi)\ = 5. Q 

Figure 4.1: A unital OA-cyclic E-GCM graph for Example 4.10. 

(In this figure, when the ampUtude product on an edge is unity, we place ® beside the edge for emphasis.) 



7j 



7fe 





We have the natural pairing {X,v) := X{v) for elements A in the dual space V* and vectors v in 
V. We think of V* as the space of positions for numbers games played on (F, AI): For X £ V* , the 
populations for the corresponding position are (Ai)ig/„ where for each i £ In we have Aj := (A, a^). 
Regard the fundamental positions (wj)^^/,^ to be the basis for V* dual to the basis {aj)j(z[^ for V 
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relative to the natural pairing (•, •), so {uji,aj) = 6ij. Given um : W GL{V) the contragredient 
representation cj^^ : W GL{V*) is determined by {a]y,j{w){X),v) = {X,(tm{w~^){v)). From 
here on, when w £ W and A € V*, write w.X for apj{w){X). Then Si.X is the result of firing 
node 7i when the E-GCM graph is assigned position A, whether the firing is legal or not. Set 
Pi := {A S I {X,ai) > 0}, the set of positions with positive population at node 7i. Similarly 
define := {X £ V* \ {X,ai) < 0} and Zi := {X £ V* \ {X,ai) = 0}. Let C := nig/„Pi, the set 
of strongly dominant positions, and let D := C = ni£i„{Pi U Zi), the set of dominant positions. 
The Tits cone is := ^wewwD. In view of Proposition 4.3, the results of |Hum2j §5.13 hold 
here. And in view of Propositions 4.5 and 4.9, we can use the proof of Proposition 3.2 of HRT] 
verbatim to get the following generalization of their result; their proof requires that all NMiw) be 
finite, hence our hypothesis that (P, M) is unital OA-cyclic. 

Proposition 4.11 Suppose (r,M) is connected and unital OA-cyclic. If the Coxeter group 
W = W{r,M) is infinite, tlien Um n {-Um) = {0} ■ □ 
Lemma 5.13 of |Hum2j is the basis for the argument in §4 of |Erik2j characterizing the set of initial 
positions for which the game converges. In contrast to |Erik2j . here we fire at nodes with positive 
rather than negative populations, so we have —Um instead of Um in the following proposition 
statement. 

Proposition 4.12 (Eriksson) The set of initial positions for which the numbers game on the 
E-GCM graph {T,M) converges is precisely —Um- 

Although the next proposition is not used in any subsequent proofs, it is closely related to the 
results of this section (cf. Exercise 5.13 of |Hum2j ) . 

Proposition 4.13 Suppose W = W{T, M) is finite. Then Um = -Um = V* . 

Proof. Since W is finite, then by Eriksson's Reduced Word Result for E-GCM graphs (Proposition 
4.1 of |Erik2j ) it follows that the set of initial positions for which the numbers game on iT,M) 
converges is all of V* . Proposition 4.12 now implies that —Um = y* ■, which is therefore Um- EH 

To understand admissibility for E-GCM graphs that are not unital OA-cyclic, we will revisit parts 
of the proof of Theorem 1.1 from Section 2. We note that Eriksson's Strong Convergence Theorem 
(Theorem 3.1 of |Erik3j . stated here for GCM graphs as Theorem 2.1), Eriksson's Comparison 
Theorem (Theorem 4.5 of jErik2j . stated here for GCM graphs as Theorem 2.3), and Eriksson's 
Reduced Word Result (Proposition 4.1 of |Erik2j . stated above for GCM graphs as Proposition 3.1) 
aU hold for E-GCM graphs. Moreover, Lemmas 2.2, 2.4, 2.5, 2.6, 2.8, and 2.9 all hold for E-GCM 
graphs since their proofs nowhere depend on the assumption of integral amplitude products. We 
say the n-node graph P is a loop if the nodes can be numbered 71, . . . , 7„ in such a way that for all 
1 < i < n, 7j is adjacent precisely to 7i+i and 7i-i, understanding that 70 = 7„ and 71 = 7n+i- 
Lemma 4.14 Suppose that the underlying graph T of the E-GCM graph (T,M) is a loop and 
that for any pair of adjacent nodes the amplitude product is one. Then (P, M) is not admissible. 

Proof. We find a divergent game sequence starting from the fundamental position uji. Then 
by renumbering the nodes, we see that every fundamental position will have a divergent game 
sequence, and by Lemma 2.6 it then follows that (P, M) is not admissible. Let the OA-cycle 
C be [71, 72, . . . , 7n, 7i]- From initial position u>i we propose starting with the firing sequence 
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(7i, . . . , 7n-i) 7n) 7n-i) ■ ■ ■ 72)- One can check that all of these node firings are legal and that 
the resulting populations are zero at all nodes other than 71, 72, and 7,,. The populations at 
the latter nodes are, respectively, I + + n~^, Mi2(n.^^), and Min{n.c)- -^y repeating the 
proposed firing sequence (71, . . . , 7n-i, 7?i, In-i, ■ ■ ■ 72) from this position we obtain zero populations 
everywhere except at 71, 72, and 7„, which are now 1 + 11^ + + 11^ + n~^, Mi2{Il~^ + n~^), 
and Mi„(n^ + 11^) respectively. After k applications of the proposed firing sequence we have 
populations 1 + Ej=i + Mi2(Ei=i n^-'), and MiniY.']=i ^^^es 71, 72, and 7„, and 

zero populations elsewhere. Thus we have exhibited a divergent game sequence. Q 

The proof of the next lemma can be adjusted to account for loops on three nodes whose E-GCM 
graphs have even adjacencies. 

7 

Lemma 4.15 Suppose {T , M) is the following three-node E-GCM graph: «^ Assume 



that all adjacencies are odd. Then (F, M) is not admissible. 

Proof. Below Lemma 2.7 in Section 2 we showed that a certain three-node GCM graph is not 
admissible. The proof here is tedious but follows the pattern of that argument. With amplitudes 





as depicted in the lemma statement, assign populations a, b, and c as follows: Call 

.6 

this position A = (a, b, c), so population a is at node 71, population b is at node 72, and population 
c is at node 73. Without loss of generality, assume that pq < piqi and that pq < P2q2- Set 

PP2+piJpq , qpl+V2^fpq 

Ki := ——— and K2 ■~ 



VpqC^ - Vpq) ' VpqC^ - Vpq) ' 

Assume that a > 0, 6 > 0, c < 0, and that ( ki — — ) a + ( K2 — ) 6 + c > 0; these 

V <i2y/pqj V QiVmJ 

hypotheses will be referred to as condition (*). Notice that a and b cannot both be zero under 
condition (*). A justification of the following claim will be given at the end of the proof: 

Claim: Under condition (*) tliere is a sequence of legal node firings from initial position A = (a, b, c) 
which results in the position X' = (a', b' , c') = {^^b, -^=0, nia + K26 + c). 

In this case, observe that a' < 0, b' < 0, and c' > 0. Now fire at node 73 to obtain the position 
A(i) = (ai,6i,ci) with ai = qi[Kia + (k2 - ^7^^)^ + c], bi = g2[('«i - 1^3^)"- + '^'2^ + c], and 



ci = — (kia + K2b+ c). Now condition (*) implies that ai > 0, 61 > 0, and ci < 0. At this point to 
see that A^^^ = (ai, 61, ci) itself meets condition (*), we only need to show that ( ki — — ) oi + 

K2 ^ — ^ bi + ci > 0. As a first step, we argue that (i) qi{Ki — g^^^ ) > 1 and that (m) 



Q2ii^2 — qi^/pq ) ^ 1- Only show (i) since (m) follows by similar reasoning. (Prom the inequalities 
(i) and (n), a third inequality (m) follows immediately: qi{Ki — g^^/pg ) + <l2{i^2 — qi^/pq ) — 1 > 0.) 
For the first of the inequalities (i), note that since 1 < pq, then 2 — ^^pq < pq. Since pq < P2q2-> 
then 2 - < p2q2. (Similarly 2 - < p^q^.) Thus - 1 > 0, and hence - ^ > 0. 
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Therefore, r^l^'^^^ - > 0- Since > 1, then ^"^if^V^ + - > 1- 

Prom this we get — g^^/pg ) > Ij which is {i). The following identity is easy to verify: 

( «i ^ ] ai+ ( K2 ^ ]bi + ci 



Kl - 



p 



+ 



9 



91 



qi Kl 



p 



+ q2{ H2- 



qwpq 



- 1 



ai 



92 



92 K2 



9iVP9 



+ 



+ 



91 



92^/^39 



92VP9 



91 Kl 



+ 92 K2 



92VP9 



91VP9 



ai + 



91 VM 



ci 



92 K2 



9iVi'9 



hi 



Now the inequalities (i), (ii), and {Hi) of the previous paragraph together with the inequality 

P \ ( q \ I. nr :i- ■ I \ ■ ^ ^ ( P 



Kl 



92VP9 



a + K2 — 



91 VM 



b + c > from condition (*) imply that I ki — 



92 VM 



ai + 



K2 



qiVP^ 



^ 6i + ci > 0, as desired. This means that position A^-^^ = (ai, 6i, ci) meets condition 

(*) and none of its populations arc zero. In view of our Claim, we may apply to position A*-^^ a legal 
sequence of node firings followed by firing node 73 as before to obtain a position A*^^) = (02, 62, C2) 
that meets condition (*) with none of its populations zero, etc. So from any such A = (a, b, c) 
we have a divergent game sequence. In view of inequalities {i) and (m), the fundamental positions 
ui = (1, 0, 0) and 0^2 = (0, 1, 0) meet condition (*). The fundamental position us = (0, 0, 1) does not 
meet condition (*); however, by firing at node 73 we obtain the position (91,92,—!), which meets 
condition (*) by inequality (iii). Thus from any fundamental position there is a divergent game 
sequence, and so by Lemma 2.6 the three-node E-GCM graph we started with is not admissible. 

It still remains to justify our Claim. Beginning with position A = (a,6, c) under condition (*), 
we propose to fire at nodes 71 and 72 in alternating order until this is no longer possible. We assert 
that the resulting population will be A' = (a', 6', c') = i^^b, -^^a, Kia + K2b + c). There are three 
cases to consider: (I), a and b are both positive, (II), a > and 6 = 0, and (HI), a = and 6 > 0. 
For (I), we wish to show that (71, 72, ■ ■ ■ , 7i) of length mu is a sequence of legal node firings. That 
is, we must check that 



(1) 
(2) 



((s2Si)''.A,ai) 
(si(s2Si)^-A,a2) 



(A, {siS2)''.ai) > for < < {mu - l)/2, and 
(A,si(s2Si)^.a2) > for < k < {mu - l)/2 



For (II), we wish to show that (71, 72, . . . , 7i, 72) of length mi2 — 1 is a sequence of legal node firings. 
That is, we must check that 



(3) 

(4) 



((s2Si)'=.A, ai) 

{si{s2Si)''.X,a2) 



(A, (siS2)^.ai) > for < < {rriu - l)/2, and 
.a2) > for < A; < (mi2 - l)/2 



{X,Sl{s2Sif 
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For (III), we wish to show that (72, 7i, ■ ■ ■ , 72, 7i) of length mi2 — 1 is a sequence of legal node 
firings. That is, we must check that 

(5) ((siS2)''.A,a2) = (A,(s2Sl)^a2) > for < fe < (mi2 - l)/2, and 

(6) (s2(siS2)^A,Qi) = (A,S2(siS2)^ai) > for < < (mi2 - l)/2 



Our justification of (1) through (6) has similarities to the proof of Lemma 4.2. Under the 
representation (Jm we have Si = aM{si) for i = 1,2,3. With respect to the ordered basis 53 = 

^ -I p pi\ 

1 and X2 := [82]^ 

V 1 ; 

(pq-1 -p P2P +Pi\ 
q -1 P2 
001 



{ai,a2,as) for V we have Xi := [Si]^ 
and so 



10 

Q -1 P2 I , 
1 



and 



/ -1 



^2,1 ■= [5'2-S'i](B = X2X1 



P 



Pi 



-q pq-1 Piq+P2 
\ 1 







For (1) through (6) above, we need to understand , X2Xf^2 h ^2i( 1 h 

' \ J ' \ J ' \ J 

/ \ 

X1X21 1 • Set 9 := 7r/mi2. Then we can write X12 = PDF ^ for nonsingular P and diagonal 

.' V ° A 

matrix D as in 



-2ie 
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Pig + 2p2 
4-M / 




V 1/ 



-2ie 
J2ie 



-q + 1 C2 

V C3 / 



where Ci = [-gfep + 2pi) + (e^^*^ + l)(pig + 2p2)]/(4 - pgr), C2 = [gfep + 2pi) - (e^*^ + l)(pig + 
2p2)]/(4 — pg), and C3 = g(e^*^ — e~^*^)/(4 — pq). With some work we can calculate 2, which 
results in 



X 



1,2 



sin(2(fc+l)e)+sin(2fce) -psin(2fc6l) 
sin(20) sin(26') 
gsin(2fc6') - sm(2fc6')-sin(2(fc-l)e) ^, 



with 



and 



C'2- 



P2P + 1p\ 

4-pq 



sin(26») 



sin(2(/c + 1)6') + sin(2A;6l) 



sin(2e) 





2 ' 



sin(20) 



1 



+ 



1 



p{piq + 2^2) sin(2A;6') 



g(p2P + 2pi) sin(2A;6') ^ pig + 2p2 



(4 - pq) sm{2e) 



i — pq 



(4 - pq) sm{2e) 
sin(2/c(9) + sin(2(/c - 1)6*) 



sin(26') 



+ 1 
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Similar reasoning (or simply interchanging the roles of ai and 0:2 in the preceding calculations, or 
noting that X^^ = {X^l)'' = X^2 ) shows that 



with 



and 



Then 



and 



C'{ 



X 



2,1 



-sin(2fc6>)-sm(2(fc-l)6') psin(2fc6>) 
sm(26l) sm(2e) 

-gsin(2fce) sin(2(fc+l)6>)+sin(2fc6') ^// 
sm(26l) sm(26') ^2 

1 



P2P + 2pi 
4:-pq 



sm{2ke) + sin(2(A; - 1)^) 



sin(26') 



+ 1 



pipiq + 2p2) sin(2A;^) 



a' 



q{p2P + 2pi) sm{2k6) piq + 2p2 



X2X12 



(4 - pq) sm{2e) 

sm(2(fc+l)e)+sin(2fce) 
sm(26») 
qsm{2{k+l)e) 
sin(26») 





pq 



(4 - pq) sm{29) 
sin(2(A; + 1)6*) + sin(2A:6') 



sin(20) 



- 1 



— psin(2fc(?) ^/ 
sin(2e) "^l 

(1-pg) sm(2fc(9)+sin(2(fc-l)e) ^/ r" -L 

1 



XiX^. 



jl-pq) siii(2A:(9)+siii(2(A— 1)0) psm(2(/,'-l)g) 
sin(26») siii(26l) 

-qsin(2fc6>) sin(2(A:+l)6l)+sm(2fc6l) 
sin(26») sin(2e) 






Now we can justify (1) through (6). For example, for (4) we see that since X1X21 1 is the 



second column of the matrix X1X21, then (A, si(s2'Si)^-a2) = ^ ^^™in(2g"/^^^ ' which is positive since 
a > 0, p > 0, and (recalling that mi2 is odd) 2{k + 1) < mi2- 

Then the proposed firing sequence for each of cases (I), (II), and (III) is legal. To see in case (I) 
that the resulting position is the claimed A' = (a', b', d) = {^^b, -^=0,, kio + K2b + c), we need to 



calculate (si(s2Si)'^.A, ctj) = {\, si{s2SiY .ai) for each of z = 1,2,3, where k is now (mi2 — l)/2. 
With patience one can confirm that 

(0 -pl^/pq Ki ^ 

-Q/^/M K2 

1 y 

from which the claim follows. Similar computations confirm the claim for cases (II) and (III). Q 
We have one more loop to rule out; since the details are by now routine, we omit the proof. 



Lemma 4.16 An E-GCM graph in the family 




is not admissible. 



□ 



We can now prove Theorem 1.3. 

Proof of Theorem 1.3. First we use induction on n, the number of nodes, to show that any 
connected admissible E-GCM graph (F, M) must be from one of the families of Figure 1.3. Clearly 
a one-node E-GCM graph is admissible. For some n > 2, suppose the result is true for all connected 
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admissible E-GCM graphs with fewer than n nodes. Let (F, M) be a connected, admissible, n-node 
E-GCM graph. Suppose (F. M) is unital OA-cyclic. Then by Propositions 4.11 and 4.12, wc must 
have W(T^M) finite. Then by the classification of finite irreducible Coxeter groups, (F,M) must 
be in one of the families of graphs in Figure 1.3. Now suppose (F, M) is not unital OA-cyclic. First 
we show that any cycle (OA or otherwise) in (F, M) must use all n nodes. Indeed, the (connected) 
E-GCM subgraph (F',M') whose nodes are the nodes of a cycle must be admissible by Lemma 
2.9. If (F',M') has fewer than n nodes, then the induction hypothesis applies; but E-Coxeter 
graphs have no cycles (OA or otherwise), so (F',M') must be all of (F, M). Second, (F,M) has an 
OA-cycle C for which 11^ ^ 1. We can make the following choice for C: Choose C to be a simple 
OA-cycle with 11^ 7^ 1 whose length is as small as possible. This smallest length must therefore be 
n. Wc wish to show that the underlying graph F is a loop. Let the numbering of the nodes of F 
follow C, so C = [71, 72, . . . , 7n, 7i]- If F is not a loop, then there are adjacencies amongst the 7/3 
besides those of consecutive elements of C. But this in turn means that (F, M) has a cycle that 
uses fewer than n nodes. So F is a loop. Of course we must have n > 3. Lemma 4.15 rules out the 
possibility that n = 3. Any E-GCM subgraph (F', M') obtained from (F, M) by removing a single 
node must now be a "branchless" E-Coxeter graph from Figure 1.3 whose adjacencies are all odd. 



out by Lemmas 4.14 and 4.16 respectively. If n > 5, the only possibility is that (F,M) meets the 
hypotheses of Lemma 4.14 and therefore is not admissible. In all cases, we see that if (F, M) is not 
unital OA-cyclic, then it is not admissible. This completes the induction step, so we have shown 
that a connected admissible E-GCM graph must be in one of the families of Figure 1.3. 

On the other hand, if (F, M) is from Figure 1.3, then the Coxeter group W is finite (again by 
the classification), so there is an upper bound on the length of any element in W . So by Eriksson's 
Reduced Word Result for E-GCM graphs, the numbers game converges for any initial position. 
The remaining claims of Theorem 1.3 now follow from Eriksson's Strong Convergence Theorem for 



5. Some further finiteness aspects of E-game play 

The results of this section are independent of the classifications obtained in Theorems 1.1 and 
1.3. Suppose the Coxeter group W associated to an E-GCM graph (F,M) is finite. In this case 
we may choose the (unique) longest element wq in W. Since we must have l{wQSi) < 1{wq) for 
all i G /„, it follows that WQ.ai for all i. So if a = X^Cjaj 0, then WQ.a 0, i.e. 
Nm{wo) = ^ti- 

Lemma 5.1 Let (F, M) be an E-GCM graph with associated Coxeter group W = W{T, M). Let 
J C In, and suppose the paraboUc subgroup Wj is Unite. Suppose a = YljeJ ^i^i ^ ^m- 
Then for some w j in Wj, we have w j.a 0. 

Proof. Since Wj is finite, consider the longest element (wq)/ iii Wj. Note that any element of 
Wj preserves the subspace Vj := spaia^{aj}j^j. As seen just above, (wq) j will send each simple 
root aj for j G J to some root in So apply {wo)j to the given a to see that {wo)j.a <^ 0. Q 



So if n = 4, (F, M) must be in one of the families 




which are ruled 



E-GCM graphs. 



□ 
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In what follows, for any subset J of In, let Cj be the set of all dominant positions A for which 
iein\J ^^^^ '^^^^ > for all i G In \ J, that is, Cj :— (rijg/^yPj) n (rijejZj). The next 
result generalizes Proposition 4.2 of |Erik2j . 

Proposition 5.2 For an E-GCM graph {T,M) with Coxeter group W = W{T,M), let J be any 
subset of In such that Wj is finite. Let Si^ ■ ■ ■ Si^Si^ be any reduced expression for an element w' 
of the set of minimal coset representatives. Let X be in Cj. Then for 1 < q < p, (7ii, . . . ) 
is a legal sequence of node Brings for a numbers game played from initial position A. 

Proof. For I < q < p, we must show that (sig_i • • • SjjSji .A, a^^) > 0. But • • • SjjSii-A, Oj^) = 

(A,SjiSj2 •••Sj^.i-aj,). Now Si^Si^ ■ ■ ■ Si^_-^.ai^ > since l{si^Si.^ ■ ■ ■ Si^_-^Si^) > iisi^^Si^ ■ ■ ■ Si^^^) 
(this is because t{si^Si^_^ ■ ■ ■ Si^Si^) > • • • Si^Si^) for these two reduced expressions). More- 

over, suppose = Sj^ ■ ■ ■ Sj^ is a reduced expression for some G Wj. Then since w' = 
Sip • • • Si^Si^Sj^ ■ ■ ■ Sj^ is reduced (cf. Proposition 2.4.4 of |BBj ) . it follows that both expressions 
^jr ' ' ' Sji^ii ■ ■ ■ Siq_2Siq_^ and Sj^ ■ ■ ■ Sj^Si^ ■ ■ ■ Si^_^Si^ are reduced, with the latter longer than the 
former. In particular Sj^ ■ ■ ■ Sj^Si^ ■ ■ ■ Si^^^^ig-i-a^ = WjSi-^--- Si^_^Si^_^.ai^ >^,j for all Wj G Wj. 
We wish to show that si^si^ ■ ■ ■ Si^^^.Ui^ cannot be contained in span]g{aj}jgj. Suppose otherwise, 
so Sj^Sjj • • • Sj^^j.Oj^ = YljeJ '^j'^j- We now invoke the finiteness assumption for Wj and Lemma 
5.1 as follows: Let {wo)j be the longest element of Wj. Then (wo)jSjiSi2 • • • Sig_i -Oig <j,^ 0, a 
contradiction. Then it must be the case that Si-^Si^ ■ ■ ■ Si^_-^.ai^ = X]ie/„ with > for some 
k e In\J- So (sj^_i • • • Si2Si^.X,ai^) = {X,Si^Si^ ■ ■ ■ Si^_^.ai^) = {X^Y^iei^ Cjaj) = Y^iein "^^ich 
is positive since all Cj's are nonnegative, A^ > 0, and > 0. Then firing at node from game 
position Si^_^ ■ ■ ■ Si^Si^.X is legal. Q 

From the previous proof we see that Proposition 5.2 could be generalized to other kinds of subsets 

^ -^n by extending Lemma 5.1. Doing so for all subsets J C would yield a simple proof of 
Theorem 1.3: An E-GCM graph (r,M) would have a convergent game sequence for some A G Cj 
if and only if is finite if and only if W if finite (by Proposition 4.2 of |Deoj ) . For an arbitrary 
E-GCM graph (F, M), let ^(A) denote the set of all positions obtainable from legal firing sequences 
in numbers games with initial position A. Clearly ^P(A) C WX, where the latter is the orbit of A 
under the ly-action on V* . Since the statement of Theorem 5.13 of |IIum2j holds for quasi-standard 
geometric representations, then Wj is the full stabilizer of any A G Cj, so WX and W'^ can be 
identified. So from Proposition 5.2 we see that for A G Cj with Wj finite, then ^P(A) = WX. 
Proposition 5.3 Suppose W = W{T,M) is finite for some E-GCM graph (F,M). Let J <^ In 
be any subset, and let {wo)j be the longest word in the parabolic subgroup Wj. Then all game 
sequences for any X £ Cj have length l{wo) — l{{wo) j). 

Proof. Write wq = {wq)' {wo)j, with {wq)' the minimal coset representative for wqWj. Proposi- 
tion 5.2 implies that there is a game sequence for A with length l{{wo) ') = ^{wo) — ^{{wo) j). By 
Eriksson's Strong Convergence Theorem, this must be the length of any game sequence for A. Q 

Our next two results expand on Remark 4.6 of |Erik2j . Let A be a strongly dominant position 
thought of as an initial position for a numbers game on an E-GCM graph. Consider a legal sequence 
of node firings (711, . . . ,7ip). Let a = X^ie/n • • • Si^.ak. Then the population 

at node 7^ can be computed as (sj^ • • • Sj^.A, a/,.) = (A,Sii ■ ■ ■ Si^.ttk) = (A, a) = X^ie/n ^'^^ 
indeterminates xi, . . . let (/>q, := 4>a{xi, . . . := YliH^i^ ^^i^ii call 0a the root functional 
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for a; a root functional is positive or negative depending on whether a is positive or negative. By 
Proposition 5.2 (or Proposition 4.2 of |Erik2j ) . this game sequence is vahd for all strongly dominant 
A, so we will say that (pa is the root functional at node 7^ for the firing sequence (74^, . . . ,7^^). If 
k = ip and the firing sequence is understood, then we just say (pa is the root functional at node ji^. 
Note that (pa = <Pi3 for roots a and P if and only if a = /?. The same positive root functional can 
appear at different nodes during a given numbers game (e.g. play the numbers game on the GCM 
graph A3 with a generic strongly dominant initial position A = (a, b, c); fire nodes 73, 72, and 71 in 
that order to see that the root functional (pa2+a3 appears twice). However, our next result shows 
that positive root functionals are not repeated among the fired nodes in any numbers game. 

Proposition 5.4 Let X be a strongly dominant position and let (7^^ , 7^2 , . . .) be any game sequence 
for a numbers game played on an E-GCM graph (P, M) from initial position A. Then for all k > 1, 
the positive root functional at node 'ji^. is not the same as the positive root functional at any 'ji. 
for 1 < j < k. 

Proof. Let Pj := • • • Si._j^.aij, which is necessarily positive. Then (pjs- is the root functional 
at node 'ji^ for the given game sequence. Suppose that for some k > j, we have (pp^, = (pp.. 
Since /3j = (3^, then one can see that Si. ■ ■ ■ Si^_^.ai^ = ai., and so Sj^.^-^ • • • Sjj._-^.ajj. = —otij <J^I 
0. But Si._^_^ ■ ■ ■ Sif,_-^^Sif, is reduced and longer than • • • Sij._i , which means we must have 
•Sij+i ■ ■ ■ Sife-i-CKifc >M 0- From this contradiction we conclude that we cannot have (ppj^ = (pp. 
for any k > j. Q 

This gives us a strategy for generating all of the positive roots when is finite. However, if 
(P, M) has odd asymmetries, then not every positive root will be encountered as a positive root 
functional in a single game sequence, as the following result shows. 

Theorem 5.5 For an E-GCM graph (P, M), suppose W = W{T, M) is finite. Let (7^^ , . . . , 7iJ be 
any game sequence for a strongly dominant position A. Then the following are equivalent: 

(1 ) For each a G ^^f, (pa is the positive root functional at some node ji- for the game sequence; 

(2) Each OA-connected component (P',M') of (P,M) is unital OA-cyclic with fr',M' = l/ 

(3) (P, M) has no odd asymmetries; 

(4) iiwo) = |1>+ I = /. 

Proof. To show (1) ^ (2), choose an OA-connected component (P', M'). The proof of Proposition 
4.8 shows that (T',M') must be unital OA-cyclic, else W will be infinite. Let J be the subset of 
In corresponding to the nodes of the subgraph P'. As in the proof of Proposition 5.3, write 
w = Wo = (wo)' {wo)j = w'wj, where Wj = {wo)j is the longest word in Wj and w' = (wq)'^ is 
the minimal coset representative for wqWj. Set Wj = Si^ ■■■Si^Si-^, a reduced expression. Using 
Lemma 4.4, we see that 

\NM{wsi,)\ = \NmH\- fr',M', 
\NM{wsi^Si2)\ = \NM{wsi^)\ - fr',M' = \Nm{w)\ - 2fr',M', 

so that eventually \Nm{w)\ = \Nm{w'')\ + ^(wj)fY'^M'- Now by hypothesis each positive root 
functional appears once and therefore, by Proposition 5.4, exactly once. Thus any game sequence 
for A has length |*I>|/|. So by Proposition 5.3 we see that i{w) = |^|^|. By Proposition 4.9, 
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l^Aliw )| > 1(11! ). Summarizing, 

^{w■') + £K) = l{w) = \Nm{w)\ = \Nm{w-')\ + l{w,)h>M' > ^{w-') + «K)/r',M', 

from which fr\M' = 1- For (2) 4^ (3), note that by Proposition 4.3 we get a nontrivial positive 
multiple of some simple root if and only if there are odd asymmetries. For (2) ^ (4), Proposition 4.9 
and the fact that fr',M' = 1 for each OA-connected component tell us that l{w) = \Nm{w)\ = 
which by Proposition 5.3 is I. For (4) =^ (1), see that when l{w) = \N]\,j{w)\ = |^^/|, then 
Propositions 5.3 and 5.4 imply that each positive root functional must appear at least once in any 
game sequence for A. Q 

At the end of our proof of Theorem 1.1, we saw that for any connected Dynkin diagram, the 
lengths of the convergent game sequences for any two strongly dominant initial positions are the 
same. In view of the previous result, this common value is the number of positive roots in the 
standard root system associated to the Weyl group (cf. |Hum2j §2.10, 2.11). For Tis and the 
lengths of the longest words are 15 and 60 respectively. To obtain these values consult |Hum2j 
§2.13, or in light of Theorem 5.5 just play the numbers game on the appropriate E-GCM graphs 
with no odd asymmetries. 

In some related work with Norman Wildberger |DWj . we will take an interest in what we call 
here "adjacency-free positions." For a firing sequence (74^,742,...) from a position A, then any 
position Si - ■ ■ ■ Sjj.A (including A itself) is an intermediate position for the sequence. A position A 
is adjacency- free if there exists a game sequence played from A such that no intermediate position 
has a pair of adjacent nodes with positive populations. We will see that this notion is related to 
the notion of "full commutativity" of Coxeter group elements studied by Stembridge in |Stemj . 
In the discussion that follows, we view a Coxeter group W as M^(r, M) for some E-GCM graph 
(r,M = {Mij)ij^iJ. Following §1.1 of jHteSH and §8.1 of |Hum2| . we let W = /* be the free 
monoid on the set In- Elements of W are words and will be viewed as finite sequences of elements 
from In] the binary operation is concatenation, and the identity e is the empty word. Fix a 
word s := {ii, . . . ,1^). Then £w(s) := r is the length of s. A subword of s is any subsequence 
{ip, ip+i, . . . ,ig) oi consecutive elements of s. For a nonnegative integer m and x,y £ In, let (x, y)m 
denote the sequence {x,y, x,y, . . .) S W so that iw{{x,y)m) = ""t-- We employ several types of 
"elementary simplifications" in W. An elementary simplification of braid type replaces a subword 
{x,y)m^y with the subword (y, 

x)mxy if 2 ^ rrixy ^ An elementary simplification of length- 
reducing type replaces a subword (x, x) with the empty subword. We let 5(s) be the set of all 
words that can be obtained from s by some sequence of elementary simplifications of braid or 
length-reducing type. Since Si in W is its own inverse for each i E /„, there is an induced mapping 
W — > W . We compose this with the mapping W ^ W for which w 1— > to get ip : W ^ W 
given by ■0(s) = • • • Sj^. Tits' Theorem for the word problem on Coxeter groups (cf. Theorem 
8.1 of |Hum2j ) implies that: For words s and t in W, ip{s) = ip{t) if and only if S{s) n 5(t) / 0. 
(This theorem is the basis for Eriksson's Reduced Word Result.) We say s is a reduced word 
for w = ip{s) if ^w(s) = t{w) (assume this is the case for the remainder of the paragraph); let 
TZ{w) C W denote the set of all reduced words for w. Suppose that t G lZ{w). By Tits' Theorem, 
S{s) n S{t) 7^ 0, so that t can be obtained from s by a sequence of elementary simplifications of 
braid or length-reducing type. Since ^vv(s) = ^{w) = £w(t), then no elementary simplifications of 
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length-reducing type can be used to obtain t from s. Then any member of TZ{w) can be obtained 
from any other member by a sequence of elementary simphfications of braid type. An elementary 
simplification of commuting type replaces a subword {x, y) with the subword (y, x) if nixy = 2. 
The commutativity class C(s) of the word s is the set of aU words that can be obtained from s 
by a sequence of elementary simplifications of commuting type. Clearly C{s) C TZ{w). In fact 
there is a decomposition of TZ^w) into commutativity classes: TZ{w) = Ci • • • CJ Ck, a disjoint 
union. 11 TZ{w) has just one commutativity class, then w is fully commutative. Proposition 1.1 of 
|Stemj states: An element w G W is fully commutative if and only if for all x,y £ In such that 
3 < m^y < oo, there is no member of TZ{w) that contains {x, y)mxy ^ ^ subword. The following is 
a variation of this result. 

Lemma 5.6 For an E-GCM graph (F, M), an element w £ VF(r, M) is fully commutative if and 
only if there is a commutativity class C of TZ{w) such that for all x,y £ In with 3 < mxy < oo, no 
member of C contains {x, y)mxy a subword. 

Proof. By Proposition 1.1 of |Stemj the direction is clear, so we will show the "<^" direction. 
Say C = C(s) for some s G TZ{w). Now take any commutativity class C(t) for TZ{w). Since 
'ip{s) = Tp(t), then 5(s) meets S(t) by Tit's Theorem. Since ^w(s) = l{w) = ^vv(t), then t 
can be obtained from s using only elementary simplifications of braid type. By hypothesis, only 
elementary simplifications of length-reducing or commuting type can be applied to any member of 
the commutativity class C. In particular, it must be the case that t G C, so Tl{w) has only one 
commutativity class. Then w is fully commutative. Q 

The significance of the next two results is discussed in the first two paragraphs of Section 6. 
Proposition 5.7 For an E-GCM graph (T,M), suppose the Coxeter group W = W{r,M) is 
Rnite. Let J Q In- (1) Suppose an adjacency- free position A is in Cj. Then every element of 
W"^ is fully commutative, and for any reduced expression = Si,, ■ ■ ■ Si-^ , no intermediate position 
for the firing sequence (7,1 , . . . , 7^^ ) from X has positive populations on adjacent nodes. (2) Suppose 
each element of W"^ is fully commutative. Then any position in Cj is adjacency- free. 

Proof. Write wq = {woY{wo)j, with {wq)' G W"^ and {wo)j longest in Wj. Let L := 
i{wo) — 1{ (wq) j). Our proof of (1) is by induction on the lengths of elements in W"^ . It is clear that 
the identity element is fully commutative. Now suppose that for all v'^ in W"^ with ^{v'' ) < k, it is the 
case that v'^ is fully commutative and that for any reduced expression v'' = Si^ • • • Sj^ , no intermedi- 
ate position for the firing sequence (7j^, . . . ,74^) starting at A has positive populations on adjacent 
nodes. Now consider w' in W"^ such that i{w'^) = k. Suppose that for some adjacent and in F 
with 3 < mxy < 00, we have {x, y)Tn^y as a subword of some reduced word s = (ii, . . . , i^) G TZ{w'^). 
Since (ii, . . . , ik-i) is a reduced word and Si^._^ ■ ■ ■ Si^ is in W"^ , then (x, y)mxy cannot be a subword 
of (ii, . . . , ik-i)- Therefore it must be the case that s = {ii, . . . ,ip, {x, y)mxy) ior p = k — mxy But 
by Proposition 5.2, the corresponding firing sequence is legal, so in particular after the first p firings 
of the sequence there must be positive populations on adjacent nodes 7^; and 7^. This contradicts 
the induction hypothesis for element v'^ = Sip---Sij. So w' is fully commutative. Now suppose 
that the firing sequence (7^1 , . . . , 7jj. ) corresponding to some reduced word t = (ji , . . . , j^) in TZ{w ' ) 
results in positive populations at two adjacent nodes, say 7^ and 7^^, for which 3 < mxy < 00. This 
means that for some jk+m^y+i, ...,jL the word s := {ji, . . . ,jk, {x, y)m^y, jk+m^y+i, ■ ■ • , Jl) corre- 
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spends to a game sequence played from A and is a reduced word for some u in of length L. Write 
u = u Uj with u G . By Proposition 5.2, any reduced expression for u'^ corresponds to a legal 
firing sequence from A; since u .\ = u.A is the terminal position for any game sequence played 
from A, then this legal firing sequence must be a game sequence, and hence by Proposition 5.3 we 
have i{u') = L. Then Uj = so u = u £ W'^ . Since 1{u{wq) j) = L -\- 1{ {wq) j) = l{wo), then 
u{wo)j = Wo = (wo)' {wo)j, so u = (wo)' ■ So s is a reduced word for (wq)' . By Proposition 1.1 of 
|Stemj . we see then that (wq) is not fully commutative. Therefore by Lemma 5.6, every commuta- 
tivity class of 'JZ{{wq) ') has a member containing such a subword. But this means that every firing 
sequence corresponding to a reduced expression for {wq)' must have intermediate positions with 
positive populations at adjacent nodes, which contradicts the hypothesis that A is an adjacency- free 
position. Therefore no reduced word t = (j'l, . . . ,jk) in Tl{w'') has firing sequence (7^^, . . . ,7jj.) 
which results in positive populations at two adjacent nodes for an intermediate position. This 
completes the induction step and the proof of (1). 

For part (2), assume every member of W'^ is fully commutative, and let A be any position in 
C J. Let («!,... , ^L) be a reduced word for (wq) ' . Suppose an intermediate position Si^, ■ ■ ■ Si^ .A for 
the game sequence (7^^, . . . ,7i^) has positive populations on adjacent nodes and 7^. Then by 
Eriksson's Strong Convergence Theorem, there is a game sequence of length L from A corresponding 
to a reduced word s = (zi, . . . ,ifc, {x,y)m^yjk+ma:y+i, ■ ■ ■ Jl) for u = ip{s). As in the proof of part 
(1), we can see that u is just (wq) . So (wq) is fully commutative (by hypothesis) and has reduced 
word s, in violation of Proposition 1.1 of |Stemj . Therefore A is adjacency-free. Q 

Li Theorem 5.1 of |Stemj . Stembridge classifies those W"^ for irreducible Coxeter groups W such 
that every member of W'^ is fully commutative. In view of Proposition 5.7 and the classification of 
finite Coxeter groups, we may apply this result here to conclude that for finite irreducible W, the 
adjacency-free dominant positions are exactly those specified in the following theorem. Observe 
that a dominant position A is adjacency- free if and only if rX := (?'Ai)jg/„ is adjacency- free for all 
positive real numbers r; call any such rX a positive multiple of A. 

Theorem 5.8 Suppose the E-GCM graph (F, M) is connected. IfW = W{T, M) is finite, then an 
adjacency-free dominant position is a positive multiple of a fundamental position. All fundamental 
positions for any E-Coxeter graph of type An a,re adjacency- free. The adjacency- free fundamental 
positions for any graph of type Bn, T>n, or T2{m) are precisely those corresponding to end nodes. 
The adjacency- free fundamental positions for any graph of type E'j, or Hj, are precisely those 
corresponding to the nodes marked with asterisks in Figure 1.3. Any graph of type 8%, T/^, or 7^4 
has no adjacency- free fundamental positions. Q 

6. Comments 

Continue to think of a Coxeter or Weyl group as a group associated to some E-GCM graph with 
index set I„. For J C /„, let {W'^ , <) denote the Bruhat (partial) order on W'^ (see for example 
|BBj Ch. 2 for a definition). In Proposition 3.1 of |Prl| . Proctor shows that for finite irreducible 
Weyl groups W, those {W'^ , <) for which the Bruhat order is a lattice have | J| = 1 and correspond 
precisely to the adjacency-free fundamental positions for Dynkin diagrams identified in Theorem 
5.8; in Proposition 3.2 of that paper, he shows that these lattices are, in fact, distributive. For 
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finite irreducible Coxeter groups W, it is a consequence of Theorems 5.1 and 6.1 of |Stemj that 
is a lattice if and only if {W'^,<) is a distributive lattice if and only if each element of 
W'^ is fully commutative, in which case | J| = 1 and all such J's correspond with the adjacency- free 
fundamental positions from Theorem 5.8 above. Proposition 5.7 above adds to these equivalences 
the property that each element of W"^ is fully commutative if and only if for any associated E-GCM 
graph, any position in Cj is adjacency- free. The adjacency-free viewpoint is similar to Proctor's 
original viewpoint (cf. Lemma 3.2 of |Prlj ). 

In |Donj we use Theorem 1.1 to show that if a finite "edge-colored" ranked poset meets a certain 
condition relative to an n x n matrix M, then M must be a Cartan matrix, i.e. M must be a GCM 
such that (r, M) is a Dynkin diagram. This so-called "structure property" is necessary for edge- 
colored ranked posets to carry certain information about semisimple Lie algebra representations. 
Indeed, identifying such combinatorial properties is part of our program for obtaining combinatorial 
models for Lie algebra representations. For example, in |ADLMPW) . we introduced four families 
of finite distributive lattices whose elements are "weighted" by a simple combinatorial rule; their 
"weight-generating functions" are Weyl characters for the irreducible representations of the four 
rank two semisimple Lie algebras. In |Donj we show that the posets of join irreducibles (cf. |Staj ) 
for these distributive lattices are characterized by a short list of combinatorial properties. These are 
called "semistandard posets" in |ADLMPWj : the smallest of these posets are called "fundamental 
posets." In |DWj . we will say how these fundamental and semistandard posets can be constructed 
from information obtained by playing the numbers game on two- node Dynkin diagrams. More 
generally, we will show how to construct fundamental posets for the adjacency- free fundamental 
positions for any given Dynkin diagram. These fundamental posets can be combined to obtain 
semistandard posets whose corresponding distributive lattices are models (as above) for Weyl char- 
acters for certain irreducible representations of the corresponding semisimple Lie algebra. When 
an adjacency- free fundamental position for a Dynkin diagram corresponds to a "minuscule" funda- 
mental weig ht (see [Prll, [Pr2j, ^to^ l- then our fundamental poset is a vertex-colored version of 
the corresponding "wave" poset of |Pr2j and of the corresponding "heap" of |Stemj . 

Our work here leaves open some questions about the relationship between the numbers game and 
quasi-standard geometric representations of Coxeter groups. For example, in the notation of Section 
5, if J C I„ and Wj is infinite, then for A G Cj is it the case that ^P(A) = WX7 In Proposition 5.7, 
can the assumption that W is finite be relaxed? Also, when (r,M) is not unital OA-cyclic, what 
can be said about J/a/ n (— C/Af)? In a different direction, one could ask to what extent the proofs of 
Theorems 1.1 and 1.3 can be combinatorialized, avoiding Coxeter groups altogether. For Theorem 
1.1, one only needs a combinatorial proof of Eriksson's Comparison Theorem; such a proof is given 
for "unweig hted" GCM graphs in [Eriklj . 
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